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Quasi-similar solutions are presented for the boundary layer on a circular cylinder in axial
flow, using a Keller-Box numerical scheme to solve for velocity components rather than a
stream function. The solutions extend earlier results considerably and cover a wide range
of cylinder radii from very small (needie case) to very large (Blasius case). Velocity
profiles, skin friction, and boundary-layer thickness parameters are presented and compared
with earlier results. The results are given in sufficient detail to provide useful guidelines

for engineering applications.
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Introduction

Viscous flow along the outer surface of a circular cylinder in
axial flow, despite its simple geometry, does not have a universal
similarity solution of the boundary-layer type. The reason for
this is that the space coordinates that must be used within the
boundary layer are either x, y or x, r, where x is streamwise
distance measured from the leading edge, and y and r are radial
distances measured from the surface and from the axis of the
cylinder, respectively. The first choice is appropriate when the
boundary-layer thickness is small compared with the radius of
the cylinder while the second is appropriate when that thickness
is large. These two limits of the problem are sometimes referred
to as the Blasius and needle limits, respectively. The limits arise
not only when cylinders of extreme radii are considered, but
when a cylinder of any given radius is considered along its full
length. As the boundary layer develops in the streamwise
direction and its thickness grows, both limits would usually
prevail on the same cylinder.

More quantitatively these limits can be expressed in terms
of the value of a nondimensional parameter

1/2 —1/2
4
a v

where U is the main stream velocity, a is the radius of the
cylinder, and v is the kinematic viscosity. As ¢ — oo the needle
limit is approached and the flow becomes a function of x,r,
while as & — 0 the Blasius limit is approached and the flow
becomes a function of x, y. The full range of the problem is
thus described by 0 < ¢ < o0.

Because of these difficulties there are no solutions at present
that cover the full range of the problem. Seban and Bond' and
Kelly? obtained series expansions for the velocity components
and some integral properties of the boundary layer in the range
&< 1. Glauert and Lighthill®> and Stewartson* obtained
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asymptotic expansions of skin-friction and some integral
properties, for & > 200. Jaffe and Okamura® obtained the same
results numerically for ¢ < 40, and Cebeci® and Cebeci and
Smith,” using different numerical methods, produced results for
&< 64,

Since heat transfer from the surface of the cylinder and the
skin friction on it depend on the properties of this boundary
layer, the accuracy with which these properties are known is
important for engineering applications. In the absence of
similarity, and hence the absence of a single solution from which
data can be obtained, it would be difficult at present to produce
estimates of heat transfer or skin friction on a given cylinder.

The purpose of this paper is to propose a method of solution
that can deal in principle with the full range of this problem
and to present results in the range 0 < ¢ < 103, The results are
given in quasi-similar form and in sufficient detail to provide
essential features of the boundary layer from which estimates
of heat transfer and skin friction can be obtained on any cylinder
within this wide range. The results also provide a useful
framework in which to examine the accuracy and range of
validity of other results now available, as well as fill the gaps
between them. The method of solution consists of solving for
velocity components (primitive variables) rather than a stream
function, in a numerical Box scheme first introduced by Keller
and Cebeci,® which we shall refer to as the Keller-Box method.

Equations

The equations governing the flow were first derived by Sowerby
and Cooke® in the form

u%+v0~u=v<@+lau> (2)
0x or or:  ror

L 3)
ox oOr r

with u=v=0 at r=a and u-U as r-o (4)

where u, v are velocity components in the axial and radial
directions, respectively, and U is the mainstream velocity.
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These are essentially boundary-layer equations obtained
from the full Navier-Stokes equations by making the usual
boundary-layer assumptions, with one added assumption
regarding the cylinder radius a. Sowerby and Cooke® assumed
that a is at most of the same order as the boundary-layer
thickness, and this would seem to restrict the validity of the
equations to values of ¢ near the needle limit of the problem.
However, it turns out that the equations enjoy wider validity
than this since the only two terms that contain r explicitly
vanish as r - oo, and with appropriate scaling the equa-
tions reduce to Prandtl’s two-dimensional boundary-layer
equations.!®

Method of solution

Writing
U 1/2

y,=<———> ¥y, and H=1+—é——r1 (5)
2vx 2\/2_
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Figure T Box used for discretization of Equations 7 and 8
(centered at A) and Equation 6 (centered at B)
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R
P=u/U, Q=0/U, Q=H(nP— = Q)
2,/2

and (6)
opP
T
the governing equations are transformed to
(HT), + QT = EHPP, (7)
0,— (2H — 1)P = tHP; (8)

with boundary conditions
P=0=Q=0 aty=0 and P-1 asnp-oo (9)

Equations 6-8 are now discretized over a box centered at
(j—1/2,n—1/2), as shown in Figure 1, following a
second-order method by Keller and Cebeci.® The resulting
discretized equations are given by

HITJ_HJ'lTJ_1+Z-’(QJ+QJ_1)(TJ+ Ti™1)

TR T
— &1 HITYR L (P 4 Pit )2
é 1/2 172 4kn ( )

= Hi-lTi-1
- Hn—lTn—l

"H{.—le-—l—X(Qﬁ—l‘*' INTIZ + TiZY)
. h -
—fn—l/sz.—il/zz;{kj‘(Pﬁq + PiZ})? (10)

n

and

o - —%{H{;+H{,"‘ -1

nt Ca- ; i ; .
+(é—4—ké—l—)(H{,+Hf, ‘+H{,_,+H{,Z’,)}
x (Pi + Pim1y
h; . ;

=_J{H{'—1+H{l:11_1_(§n+én—-l)
2 4k,

< (HL+ BV 4 B, + H;‘:n}

x (Pi_y +PiZ))+ Qi2d - Qi (11)

Notation

a Cylinder radius

u,v Velocity components in the streamwise and radial
directions, respectively

Constant mainstream velocity in axial direction
Radial distances measured from the axis and from the
surface of cylinder, respectively

Streamwise distance measured from the leading edge
=u/U

=v/U

Reynolds number = Ua/v

= 0P/dn

<6u) Ea <6u>
To = a— = 11—
N/y=0 2\/—2_ oy y=0

Il
<

o

~ O o K

Greek symbols

X 1/2 Ua -1/2
¢ “*(a> (‘)

no =(U/2vx)"y

¢, = (U/va’x)'"? J;w (1 — %)r dr

o

¢, = (U/va’x)'? J %(1 - %)r dr
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with

. . h, . o

Pl pi ‘—5’(T’+Tf =0 (12)
where

. &

Hi=1+-""o (13)

2/2

: 1. : . ; -
HIZp = (i HE 4 B+ HE )= 1457000 ()
74
2\/2

and

P!=0!=0 and P!=1, foralln (15)
noting that

1<j<J and 1<ngN (16)

Introducing the iterates

Py = Py + 0P, Q(i+1) =0n+ 5@(1‘)
and Ty.qy =Ty + 0T, (17)

Newton’s method is applied to the discretized equations to
solve for the linear perturbation terms by an iteration procedure
in which quadratic and higher order terms are neglected. It
was shown by Keller!! that cancellation errors are reduced in
this way, as compared with solving for the absolute quantities
during iteration. A block tridiagonal factorization procedure is
used to solve the resulting system of equations.'®

An initial linear velocity profile is used to start the iteration
at £ = 0. At subsequent values of ¢ > 0 the profile calculated
at the previous step is used as initial profile. The iteration at
each step in ¢ is concluded with a convergence test in which
0T (0) is used as a measure of iteration error. The entire
procedure is concluded when a desired value of ¢ has been
reached. Results could thus be continued in principle to any
value of &.

At each step in ¢ a test is carried out to ensure that the outer
boundary condition is satisfied asymptotically. This is done by
requiring that the value of T (5, ) has reached zero to some
specified tolerance. The use of similarity coordinates ¢ and 5
was found to simplify this process considerably by causing this
condition to be satisfied at about the same grid location.

1000
100
10

01

SO Per Pee e Sy Sre
(L T R T TR 11

i

Figure 2 Profiles of axial velocity components in the boundary
layer on cylinders with radii ranging from very small (¢ - o) to
very large (¢ - 0)

186

Numerical solutions were obtained using three different mesh
sizes, then Richardson extrapolation was used to increase the
accuracy of the results from second to fourth order. It was
shown by Keller and Cebeci® and Keller'!''2 that this is justified
since errors in the numerical solution have asymptotic
expansions in powers of the squares of the mesh size.

Results and discussion

Results are presented for values of ¢ in the range 0—1000. This
extends earlier results considerably and well covers the grounds
between cylinders of very large radii (Blasius limit) to those of
very small radii (needle limit).

Profiles of axial and radial velocity components (u, v) are
shown in Figures 2 and 3, respectively. The nonsimilar nature
of the flow is clearly evident from the dependence of these
profiles on the value of &. Similarity of velocity profiles is
approached only toward the two limits of the problem:as { - 0
they collapse onto the Blasius profile and as £ — oo they collapse
onto the square profile that prevails in the needle case, as
illustrated in Figures 2 and 3. By comparison with the Blasius
profile (no. 6 in Figures 2 and 3) it is seen that the boundary
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Figure 3 Profiles of radial velocity components. Legend and
remaining caption as for Figure 2
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Figure 4 Skin friction (7,), displacement thickness (¢,), and
momentum thickness (¢,) parameters, as defined by Equations
18-20 for different values of . The curves represent current resuits
while the data points are from Cebeci and Smith?
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Figure 5 Ratio of skin friction on a flat plate (7,) to that on a
cylinder (7,) in terms of the Reynolds numbers R, and R, based
on cylinder radius and streamwise distance, respectively

4 ASYMPTOTIC SOLUTION
O SERIES EXPANSION
— PRESENT RESULTS
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Figure 6 Comparison of present results for skin friction (7,) and
displacement thickness (¢,) with the asymptotic solution® and a
series expansion!-2'13 for small £

s
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layer on a cylinder is typically thinner than the Blasius
boundary layer on a flat plate and contains smaller radial
velocities.

Skin friction and boundary-layer thickness parameters, T,
&1, ¢2, as defined below, are shown in Figure 4, again in the
range 0 < ¢ < 1000.
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- da (o
).
6, = (U/valx)l/zr(1 —%)rdr (19)

¢2 = (U/va*x)'? J‘“’ %(1 - %)rdr (20)

Since the boundary layer on a cylinder is generally thinner than
that on a flat plate, the skin friction would be higher, as shown
in Figure 5. Each curve in that figure represents a cylinder of
a given radius, more specifically a Reynolds number R, based
on that radius. At a given point x on the cylinder, the skin
friction is given in terms of the Reynolds number R, based on
x. For R, = 1.0, for example, the skin friction on the cylinder
(Ty) is about 20 times higher than it is on a flat plate (T,) at
R, = 1000, which corresponds to a distance of 1000 cylinder
radii from the leading edge. Along this particular cylinder the
ratio T,/ T, decreases from 1.0 at the leading edge to about 0.1
at R, = 100 and 0.05 at R, = 1000.

-
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Figure 7 Comparison of profiles of axial velocity obtained from
the present results (———) with those obtained from the asymptotic
solution (---)
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Figure 8 Comparison of profiles of radial velocity obtained from
the present results (——-) with those obtained from the asymptotic
solution (---)

Comparison of present results for skin friction with those of
Cebeci and Smith’ is shown in Figure 4. The agreement is
good in the small range of £ for which the latter were obtained.
Comparisons with the asymptotic solution® and a series
expansion’+?!3 for small £ are shown in Figure 6. It is seen that
the asymptotic solution may yield reasonably accurate
estimates of skin friction for values of ¢ as low as 10, while the
series expansion may do so for values of ¢ as high as 1.0.
Between these two values of £ there is a pronounced gap where
both become increasingly invalid. This gap is in fact much wider
than it appears, however, when velocity profiles are considered
and when numerical values of the results are examined more
closely.

Comparisons of actual velocity profiles are shown in Figures
7 and 8 where finer differences can be clearly observed. At
¢ =10, for example, where the asymptotic solution produces
a reasonably accurate value of skin friction, it produces fairly
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inaccurate values of the velocity components (u, v), particularly
near the surface. This discrepancy is much larger for v than it
is for u, and it is still present at values of ¢ as high as 1000,
although it is then very small.

In summary, Figures 2—5 provide data in quasi-similar form
that document the properties of the boundary layer on a circular
cylinder in axial flow for a wide range of cylinder radii. The
data provide the basis for estimates of heat transfer from the
surface of a given cylinder or of the skin friction on it.
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